ON THE FREE CONVOLUTION WITH A FREE MULTIPLICATIVE 
ANALOGUE OF THE NORMAL DISTRIBUTION 



PING ZHONG 

Abstract. We obtain a formula for the density of the free convolution of an arbitrary 
probability measure on the unit circle of C with the free multiplicative analogues of the 
normal distribution on the unit circle. This description relies on a characterization of the 
image of the unit disc under the subordination function, which also allows us to prove some 
regularity properties of the measures obtained in this way. As an application, we give a new 
proof for Biane's classic result on the densities of the free multiplicative analogue of the 
normal distributions. We obtain analogue results for probability measures on R + . Finally, 
we describe the density of the free multiplicative analogue of the normal distributions as 
an example and prove unimodality and some symmetry properties of these measures. 



1. Introduction 

Given probability measures fj,, v on either the unit circle T C C, or the positive half line 
M + = [0, +00), we denote by fiMv their free multiplicative convolution. Multiplicative free 
Brownian motion is a noncommutative stochastic process with stationary increments, which 
have the same distribution as the free multiplicative analogue of the normal distributions. 
For t > 0, we denote by At the free multiplicative analogue of the normal distribution 

t l + z 

on T, with ^-transform T,\ t (z) = e 21 ~ z . Given a probability measure fi on T, the free 
Brownian motion with initial distribution \i is the noncommutative stochastic process with 
distribution {/i M Xt : t > 0}. For t > 0, we denote by at the free multiplicative analogue of 

t l + z 

the normal distribution of the positive half line with ^-transform T, at (z) = e 2 z - 1 . Given 
a probability measure v on the positive half line, similarly, the free Brownian motion with 
initial distribution v is the noncommutative stochastic process with distribution {vM at : 
t > 0}. 

Biane studied multiplicative free Brownian motion in his pioneering papers [SJ |Sj . For 
example, in [6j he proved that the free Brownian motions can be approximated by matrix 
valued Brownian motions, and calculated the moments of At and at- In [8] he gave a 
description of the density of At and at (see also [HJ [15] for different approaches) . In this 
article we use analytic methods to study the densities of \i M X t and vMat for an arbitrary 
measure /ionT and an arbitrary measure v on the positive half line. 

We denote by Mj the set of probability measures on T, and by T) the set of 

probability measures on T which are infinitely divisible with respect to IE. We also denote 
by -Mr+ the set of probability measures on M + , and by 1V(\E\,M. + ) the set of probability 
measures on M + which are infinitely divisible with respect to M. 

Denote by Pq the Haar measure on T, we have that Pq M Xt = Po, and therefore we 
restrict ourselves to measures \x € J\At\{P§\- Given \x G 7Wt\{-Po}> we set fit = /xKIAt- The 
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method which we use to study the density of fit relies on a characterization of the image 
Qt,n of the unit disc under the subordination map of r/ Mt with respect to 77^. Due to a result 
in [2], Q^u is simply connected and its boundary is a simple closed curve. We prove that 
the line segment {re lS : < r < 1} only intersects dQtu a t one point for any 6 € [0, 2ir). 
We show that the measure fit is absolutely continuous with respect to Pq, and its density 
is analytic whenever it is positive. In addition, we obtain a formula to describe the density 
of fit, and we prove that the number of connected components of the support of fit is a 
non- increasing function of t. The case when fi is the Dirac measure at 1 yields a new proof 
for Biane's result on the description of the density of in [8]. 

We prove similar results for the positive half line. Given v £ which is not concen- 

trated at 0, set v t = v S at- Denote by T t , u the image of the upper half plane under the 
subordination map of rf Vt with respect to rf u . We show that for every r > the semicircle 
{re ld : < 6 < ir} intersects dTt. v at exactly two points, including one point on the nega- 
tive half line. We give a formula for the density of Ut, and prove, among other results, that 
the number of connected components of the support of vt is a non- increasing function of t. 
When v is the Dirac measure at 1, we obtain a new proof for Biane's [8] description of the 
density of at- In addition, we prove some symmetry properties of the measure at- 

Our results are multiplicative analogues of results from [7], where the additive free con- 
volution with a semi-circular distribution was studied. We were also influenced by the nice 
exposition in [10]. Our reference for free probability theory is the classical book [14] by 
Voiculescu, Dykema and Nica, and our reference for the properties of certain subordination 
functions is Belinschi and Bercovici [2]. 

In a joint work with H.-W. Huang in |12j . we extend our method to study infinitely 
divisible measures and regularity properties of measures in partially defined semigroups 
relative to multiplicative free convolution. 

This article is organized as follows. After this introductory section, we review some 
preliminaries regarding multiplicative free convolution in Section 2. In Section 3, we study 
the distribution of multiplicative free Brownian motion on T. In Section 4, we study the 
distribution of multiplicative free Brownian motion on M + . 



2. PRELIMINARIES 

2.1. Multiplicative free convolution of measures on T. For fi 6 Mj, we define 

JjL — tZ 

where D denotes the open unit disc, and set r}n(z) = ^ fM (z)/(l + ^ fJi (z)). Then 77^(0) = and 
7/u(0) equals the first moment of fi. If ft, has nonzero first moment, we define its E-transform 

by 



M - 

z 



for z in a neighborhood of zero. The binary operation M on Mj, introduced in [131 H], 
represents the distribution of the product of free unitary random variables. If fi, v G Adf 
both have nonzero first moment, then fi M v is uniquely determined by 
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for z in some domain where all three functions involved are defined. Given fj,, v G My, it is 
proved in [£l Theorem 3.5] that there exists an analytic map r/ : B — > ID, which we call the 
subordination function of 7/^^ with respect to n^, such that 7/(0) = and 

holds for all z € B. If both /j and f have zero first moment, then fiMv = Pq, the Haar 
measure on T. We are interested in the case when v has nonzero first moment, and in 
particular v = At. As it was pointed out in |X5|, Example 3.5], when p has zero fist moment, 
the subordination function of rj^^ with respect to n p is generally not unique. However, 
if we require a subordination function satisfying one additional property, then there is a 
unique one, which we call the principal subordination function. The next result was first 
proved in [9], and then in [3] by a different method. In [15], we proved the uniqueness of 
the subordination functions for the case when one of the measures has zero first moment. 

Theorem 2.1 ([3j[9]). Given p, v E Mj such that v has nonzero first moment, there exist 
two unique analytic functions u)\ , 0J2 ■ B B such that 

(1) wi(0) =a/ 2 (0) = 0. 

(2) n^Mviz) = n^u^z)) = n v {uj 2 {z)). 

(3) u)i(z)u)2(z) = zri t M v (z) for all zEB. 

Given p £ Mj, we set pt = pMX t . We also denote by r\t and Ct the unique subordination 
function satisfying the equations 

(1) r/ t (o) = c*(o) = 0, 

( 2 ) Vfiti z ) = fyOftC*)) = V\AQt{z)) and 

(3) rj t (z)Ct(z) = zn pt (z). 

By a characterization of the r/-transforms of measures on T in [21 Proposition 3.2], for any 
t > there exists a unique measure pt £ Mj such that 

(2-1) m (z) = n pt {z) 

holds for all z G B. We now recall a result in |151 Lemma 3.4 and Corollary 3.13]. 

Lemma 2.2 (|15j). The probability measure pt is ^-infinitely divisible and its T,-transform 
is given by 

(2-2) = E^ifcC*)) = exp Q jf l±gd M (^ . 

Let $ tj/1 (z) = 2Spt(z) and let fij^ = {z £ D : |^t, /t ( z )l < 1}, then since p t 6 XP(B,T), 
we have that $^(77^(2)) = 2 for all z G D. The function $t )/L( satisfies the properties 
in [21 Theorem 4.4, Proposition 4.5], thus the function r]t(z) = n pt (z) can be extended 
continuously to the boundary <9B. 

Proposition 2.3 ([2])- (1) The function rjt is a conformal map with image Qtu, and its 
inverse is the restriction of §t u, to Oj In addition, r\t extends to be a continuous 
function on B and rjt is one-to-one on B. 

(2) £lt tP is a simply connected domain bounded by a simple closed curve. 

(3) If £ € T satisfies rjt(£) E B ; then r\t can be continued analytically to a neighborhood of 
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Corollary 2.4. The function rj^ has a continuous extension to Qta> an d the function rj pt 
has a continuous extension to D. 

Proof. Prom Lemma 12.21 and (|2.ip , we see that 
(2-3) EpefaptC*)) = ^ P M( Z )) = Z Xt ( Vfl ( Vt (z))). 

The identity 7] t (z)^ Pt (r] pt (z)) = $t,Li(Vpt( z )) = z anci imply that 
(2.4) z =exv (tj + ^(r ]t (z)) 



r]t(z) \2l-r] p {r]t{z)) 

holds for z G D. The identity &t,u(vpt( z )) = z a ^ so implies that the function rj pt is never 
zero in B\{0}, and thus z/rjt(z) = z/r] pt (z) is never zero on D. By taking logarithms in 
both sides of (12. 4|) . we see that rjt extends continuously to d£lt,p, and 7ft (B) = £lt,p.- The 
conclusion of the corollary follows. □ 

We close this section with a formula which allows us to recover \x from its 77-transform. 
For \i G Mj, we have that 

(2.5) — J = — / — R dn(e~ 10 ), z G B. 

V ' 2tt \l- Vli (z)J 2ttJ e^-z w ; ' 

The real part of this function is the Poisson integral of the measure d[i(e~ ie ), and then // 
can be recovered from (|2.5p by the Stieltjes inversion formula. The functions 



(26) J_fl+r]^re id )\_ 1 1 - \r,^re i6 )\ 2 



2vr \1 - n p (re ie ) J 2ir \1 - n p (re i9 )\ 2 

converge to the density of d[i{e~ ld ) a.e. relative to Lebesgue measure d9, and they converge 
to infinity a.e. relative to the singular part of this measure. 

2.2. Multiplicative free convolution of measures on M + . Given fi G M^+, we define 

f +oc tz 

M z ) = / -r—dKt), z e C\M+ 
Jo 1-tz 

and set rj p {z) = ip p (z)/(l + ijj p (z)). The case when \i = 8q, the Dirac measure at 0, is trivial, 
we thus set = M.^+\{5q}. Given \i G -A4j^ + , it is shown in [5] that the function r\ p is 

univalent in the left half plane iC + . The ^-transform of \x is defined by 



Z 



for z in n p (iC + ). Given (j,, v G A4^ + , the multiplicative free convolution of \x and i/, denoted 
by fj, M u, is uniquely determined by 

(2.7) = ^(z)S,(z) 

in some domain where all three functions involved are defined. It is also known from 
[31 [9] that there exist two analytic functions, which are called subordination functions, 
ui,U2 : C\M+ -> C\M+ such that 

(1) Wj(O-) = for j = 1, 2. 

(2) for any A G C + , we have Wj(A) = Wj(A) for j = 1, 2. 
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(3) rjfMu(z) = rj/j, (uji(z)) = n v (u> 2 (z)) for z e C\M+. 

Fix v € and let uit be the subordination function of r] u ^ at with respect to rj u , that 

is r]vm<j t ( z ) = Vvfatiz))- Due to [5j Proposition 6.1], there exists a measure n € such 
that 0Jt{z) = T] n (z) for z € C\M + . We then recall [151 Proposition 4.3] as follows. 

Proposition 2.5. T/ie measure Tt is ^-infinitely divisible and its Y>-transform is given by 

(2.8) E Tt (z) = E„ 4 M*)) = exp Q ^ + °° <M£)) • 

Let Ht )U (z) = zT, Tt (z), and let T t ^ be the connected component of the set {z € C + : 
Q(Ht t u(z)) > 0} whose boundary contains the negative half line (— oo,0). We then have 
that H t;U (uit(z)) = z for z € C + and that UJt{H t ^{z)) = z for z G r tj!/ . The following result 
deduces that this definition of Tt tl > agrees with the one given in the introduction. 

Proposition 2.6. (1) The restriction ofojt to C + is a conformal map with image Tt )U , and 
its inverse is the restriction of Ht tU to Y^ v . In addition, ojt extends to be a continuous 
function on C + U M., and ut is one to one on this set. 

(2) If £ £ M + satisfies > 0, then cot can be continued analytically to a neighborhood 

oft- 

Proof. Since Ut is the //-transform of r t and Tt € ZD(KI,]R + ), we have that ujt = 7 7r t / 2 KlT t /2- 
Then by [2, Proposition 5.2] and its proof, we see that ut extended continuous to C + U1R\{0}, 
and the extended function is analytic at points £ € (0, +oo) at which the extended function 
is not real. This proves (2) and part of (1). 

Recall that u% is the subordination function of n u ^ at with respect to n u , from a general 
result concerning subordination functions for multiplicative free convolution of arbitrary 
measures on M + in [TJ Remark 3.3], we deduce that uot extends continuously to as well 
if v is not a Dirac measure at one point. Note that Xt is compactly supported, thus Tt is 
compactly supported as well if v is a Dirac measure at one point, we conclude that ut also 
extends continuously to for this case. This finishes the proof. □ 

From (|2.8p . we have the following useful formula. 



z 



(2 - 9) + ! 

2 Vvt (z)-l 



u t (z) 

= exp 



E Tt (wt(z)) = £ At M^))) 



which yields the next result. 

Proposition 2.7. The function rj v has a continuous extension to Tt )V \{0}, and the function 
r) Vt has a continuous extension to C + U (R\{0}). 



3. The unit circle case 



In this section, we prove some regularity properties of Qt t u and then prove our main 
results regarding distributions of multiplicative free Brownian motion on T. We use polar 
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coordinates in our discussion and parametrize T as T = {e tS : —tt < 6 < tt}. For fixed t > 0, 
define 



t 1 - r 2 f I 



We have 

(3.i) KI«*(^>l)-ta' + 5j£i^^W0 

= (lnr)ft,(r,9). 

To study the boundary of Ot we need the following lemma. 
Lemma 3.1. Given — 1 < y < 1, define a function of r by 

nn r s 1 ~r 2 1 
T„(r) = — ^ 

— m r 1 — 2ry + 
on £/ie interval (0, 1), i/ien T^(r) > for all r £ (0, 1). 

Proof. The substitution x = — In r implies that it suffices to prove f'(x) < for x € (0, +oo), 
where 

1 - e~ 2x 1 

/(*) 

/'(*) 



x 1 — 2e x y + e 2x 
We have 

(-e 4:c + 4xe 2x + 1) + y(-2xe 31 + 2e 3x - 2xe x - 2e x ) 



[x(e 2x - 2e x y + l)] 2 

By Taylor expansion, we can check that —2xe 3x + 2e 3x — 2xe x — 2e x < for all x > 0; thus, 
to prove f'{x) < 0, it is enough to show that 

(3.2) 2xe 3x - 2e 3x + 2xe x + 2e x < e 4x - Axe 2x - 1. 

It is easy to check that f)3.2f) holds for all x £ (0, +oo) by calculating the Taylor expansions 
in both sides of □ 



Lemma 13.11 implies that the function ht(r,9) is a decreasing function of r on (0,1) for 
fixed 6. Define ht : [—ir,ir] — > R U { — oo} as follows: 

ht(0) = lim h t (r,6) 

r i 

= 1 - t / 77T-T^<W) 

|1 - e^ e + x )\ 2 1 ; 

r 71 " i 

= l-t Me™ 1 ). 

J_ n 2-2cos(9 + x) PV ' 

We now let 

Ut,^ = {-vr < 6 < tt : ^(0) < 0} 
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and J7£ = [— ir, 7r]\Z7t )/x . We also define a function f t : [— vr,7r] — > [0, 1) as 

v t (9) = inf {0 < r < 1 : /i t (r,<9) > 0} 
(3.3) f 1-r 2 r 1 1 

\ ~ -2\nr J ^ \l - re< e+x )\ 2 y '~t 

The next result regarding regularity of £lt,u 1S fundamental to our discussion. Note that 
this type of result was proved in |15j in the study of the density of Aj. 

Theorem 3.2. The sets £lt,u and d^lt.fj, can be characterized by the functions ht{r,6) and 
vt{6) as follows. 

(1) If z = roe 1 ® G Ot,u, then the entire segment {rz : < r < 1} is contained in Situ- 

(2) fl t ^ = {re w :0<r<v t (9)}. 

(3) dU ttU n D = {re ie : 9 G U t>a , and h t (r, 0) = 0}. 

Proof. Prom Proposition 12.31 and (|3.ip . we see that 

n t) „nD = {«eD:m* trf ,(«)|) <0} 

= {re ie : < r < 1, -vr < 6 < vr and h t (r, 0) > 0}. 

Since ht t o(r) := fat(r, 0) is a decreasing function of r, we then deduce the following assertions: 

(i) If 6 G then {re ie : < r < v t (9)} C and ^(0)e ie G dQ t ,^ 

(ii) If € E^ M , then {re w : < r < 1} C fi t)At and e ie G 0fi t)M . 

We thus proved (1) and (3). Notice that for 9 G U£„, we have that vt{9) = 1, therefore (i) 
and (ii) also imply (2). □ 

Lemma 3.3. The support of \i is contained in the closure of the set U^n which is defined 
by 

U%n = {e~ ie : 9 G U t!fl } . 



Proof. Let 9q G [— 7T, 7r]\f7t jjU , where Ut lfl is the closure of Ut^. Without loss of generality, 
we may assume that #0 is different from tt and — 7r, then there is some e > 0, such that 



[9 -e,9 + e] C (-7r,7r)W 

For any integer n > 2, we define at = 9q — e + 2ke/n for all < k < n, then the sets 
[aft,afc + i] are contained in (— tt, 7r)\[/f iAt . Given G [a^, afc+i], then we have that 

~t - LI, V^W Me, ' ] 

> ^({e ie : -Ofc+i < g < -a fc » 
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This implies that 

n-1 

fi{{e ie : -(9 + e)<9<-(9 - e)}) < £ //({e 4 * : -a fc+1 < < -a*}) 



fc=i 



< — ^ ^ \e~ ic " k — e~ ic " k+1 1 2 



f 

k=0 

Notice that Ylk=o |e _JOfc — e~ iak+1 \ 2 can be arbitrarily small if we choose n large enough, 
therefore 

fi({e id : -(9 + e) < 9 < -(9 - e)}) = 
and our assertion follows. □ 

Proposition 3.4. For any interval (a,/3) C U^, the function f(9) = ^ l _ e ^ g+x ) ] 2 dfi{e lx ) 
is strictly convex in (a, /3). 

Proof. We notice that 



\l_ e i($+x)\2 ^ i \ e ix - e -M\2 ^ ' J_ n 2-2cos(9 + x) 

from Lemma [3.31 we deduce that / is analytic on (a, We calculate its second derivative 

„ _ 1 r l-cos(g + x) + sin 2 (g + x) 

7 (<?) " 2 L (l-cos(0 + x))3 ^ } > °' 

which implies the convexity of /. □ 
Remark 1. Proposition 13.41 implies that ^ e i( 1 fl+^)p ^/ x ( e ") < 1/i f°r hi the interior 

We are now ready to discuss the density of the measure fit = fi^ X t . 

Proposition 3.5. The measure fit is absolutely continuous with respect to Lebesgue mea- 
sure. Moreover, the density is analytic whenever it is positive. 

Proof. By [T5], Lemma 5.1], rf\ t (D) does not contain 1. Since rj^ t is subordinated with 
respect to r/x t , ^^(O) does not contain 1 either. Then from (12. 6ft . we see that 9? (e' 9 ) ) 
is bounded, which implies that fit has no sigular part, and thus fit is absolutely continuous 
with respect to Lebesgue measure. 
We rewrite (|2.4f) as 

z (tl + VMz) 

— cxp ' 



7] t (z) 

If the density of fit is positive at e _,e , then by (|2.6p . we have \fff_ H (e' l0 )\ < 1, which implies 
that | r/t (e* 6 * ) | < 1. The analyticity of the density follows from part (3) of Proposition [231 □ 



Define a map ${„ : T — > T by 
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Recall that \^tAv t (0)e ie )\ = 1, we calculate 

arg($ t ^ t (^)) =e +t r ; (g) ^t ^ 

Proposition 3.6. The map e %e — > vt(0)e t9 is a homeomorphism from T onto d£lt,u> an d 
the map ^t,u is a homeomorphism from T onto T. 

Theorem 3.7. The measure fit has a density given by 
(3.4) Pt{ ^W)) - -!^. 

Proof. We prove it by a direct calculation. 



a) i i-|^fa(fl)e ie )| 2 

" 27r|l-^(^(0)e i0 )| 2 
_ 1 ^^l + ^K^ 



2vr Vl-^(^W eie 

i r i-v t (9) 2 



2/ii T l-^(%« W 



2vr J_ n |1 - v t (0)eK<H-sO|2 
( j 1 -2lnv t (6) = -lnv t (6) 
2vr t nt 

The equality (1) is due to (|2.5p . the Stieltjes's inversion formula and the fact rft(&t,[i(z)) = z 
for z € ^t >At ; the equality (2) follows from the definition of ^-transform; and the equality 
(3) follows from the definition of vt{9). □ 

Corollary 3.8. Let At be the support of the measure [it, and let At = {e~ lS : e ld 6 At}, 
then At equals to the image of the closure ofUt ttl by the homeomorphism n- The number 
of connected components of the interior of the support of fit is a non-increasing function of 
t. 

Proof. The first assertion follows from Theorem 13.71 and the fact that 

v t (9) ± & 6 € u t>fl . 

From Theorem 13.71 to prove the second assertion, it is enough to prove that the number of 
connected components of Ut^ is a non-increasing function of t, which is a consequence of 
Proposition 13.41 □ 

Proposition 3.9. The number v t {9) is bounded below by at, where at is the unique solution 
of the equation 

tl + r 



r exp - 



2 1 
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and thus the density of fit is bounded above by — Inat/ivt. Moreover, the density of fit tends 
to 1/27T uniformly as t — >• oo; in particular, the support of fit is T when t is sufficiently 
large. 

Proof. We notice that 

1 - r 2 r 1 1 + r 

(3-5) h _, ( ^M e^)< 



2\ur J_n \l -re< e+x )\ 2 ~ (-21nr)(l - r) ' 

By taking y = 1 for Lemma [3.11 we see that the right hand side of (|3.5p is also an increasing 
function of r, which yields that vt{6) > at- The last assertion is a consequence of |X5|, 
Corollary 3.27]. □ 

Remark 2. From the description of the density of At in Example 13.101 below, or from |X5|, 
Theorem 5.4], we see that — lna^/Vi is the maximum of the density of At. 

As an example, we now apply Theorem 13. 71 to give a description of the density of At which 
recovers Biane's classic results regarding the density of At proved in [8]. See also |11[ I15j 
for different approaches. We provide a picture of the density function of At for some values 
of t in the end of this paper. 

Example 3.10. Let fx = 5i, the Dirac measure at 1, we denote Qt = ^t,5i> &t = ^t,5n 
= ^t,5i an d Ut = Ut,Si ■ Then we have that fit = At and 

U t = l -7T < 9 < 7T : ■. 3-7^ >-l = {-7r<6><7r:l-cos6><- 

\ - - \l-e l9 \ 2 t) \ - - 2 

which yields that Ut = T if t > 4, and 

Ut = (— arccos(l — t/2), arccos(l — t/2)) 

if t < 4. If 9 € Ut, then Vt(9) satisfies the equation 

l-v t (9) 2 1 1 



(3.6) 
and we have 



2lnv t {9) I -2v t {9) cos 9 + v t {9) 2 t 

vt{9) sin6> 



( 3 - 7 ) arg(¥ t (e")) = + t ; . 

1 — 2vt{9) cos + vt[p) 

For i < 4, let 0o(i) = arccos (1 — t/2), then Vt(9o) = 1, from which we deduce that 

(3.8) arg(*t( e i0 °(*))) = 9 (t) + sm9 (t). 
From Corollary 13.81 and (|3.8[) , we see that the support of At is the set 

|e ie : - arccos (l - ~ \ - 1^(4 -t)t < 6> < arccos (\ - + ^V(4-t)tj 

if t < 4; and the support of At is T if t > 4. 

By Theorem 13.71 and (|3.6[) . we obtain that the density of At at ^t(vt(9)e td ) is given by 

(3.9) -1 '--(»)' + 



2vrl-2?Jt(6i)cos6' + vt(6 l ) 2vr Vl-u^e* 
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where we used the fact that vt(—0) = vt(6) due to the identity &t(z) = &t(z)- Note that 
$ t (z) = zexp(l^f), then implies that, for 9 £ U t , at the point u = § t (v t (9)e ie ), the 
density is positive and is equal to the product of l/2ir and the real part of k(t,oj), where 
k(t,io) is the only solution, with positive real part, of the equation 

z — 1 t 

= oj. 

z + 1 

Theorem 13.21 and [15, Lemma 5.1] allow us to obtain a better description for fi t , which 
implies the unimodality of At as it was shown in [151 Theorem 5.4]. 

Proposition 3.11. For any t > 0, there exists a non- decreasing function "ft ■ [0, 7r] — >■ (0, 1] 
such that 

dn t = {j t {9)e ie :0<9<tt}U {7 t (0)e~ ie : < 9 < vr}. 

Proof. For given < r < 1, we notice that the map 9 — > ^^(re^)! = r exp ^| 1 _ 2; ! co T s g +r .2 

is a strictly decreasing function of 9 on the interval [0, tt], which implies that if z = roe* 6 * € 
an t nDn C + for 9 e [0, vr), then we have that 

(3.10) {re w :r = r ,9 <9<Tr}c fit- 
Note that fit is symmetric with respect to x-axis, then (|3.1(jp and Theorem 13.21 yield our 
assertion. □ 

Corollary 3.12. The density of At is symmetric with respect to x-axis; and the density of 
At has a unique maximum at 1. 

Remark 3. For < t < 4, from (13.6H . we can easily see that there exists a(t) > such 
that 

(3.11) -lnv t (9) = a(t)\9 (t)-9\ 1 2(l + o(l)) 

in a small interval (0o(t) — €,9q] for some e > 0. By taking derivative for (|3.7p and noticing 
(|3.1ip . we derive that 



^arg(*t(e ie )) 



> 0. 

0=0o 



Set 9{t) = arccos (1 — 1/2) + -y/(4 — i)i/2 be one end point of the support of At, then there 
exists b(t) > such that 



dX t 



(3.i2) ^(e a ) =m\o-m\Hi+oQ)) 

in a small interval (9(t) — e',9(t)] for some e' > 0. 

By a similar calculation, we can see that there exists 6(4) > such that 



, i 



(3.13) =m ^""-iMl + oW) 

in a small interval (7r — e', 7r]. 

We note that the function <3?t has zeros of order one at e ld °^ and e~ ld °^ for < t < 4 
and $4 has a zero of order two at —1. The orders in (|3.12p and (|3. 13|) are essentially due 
to this fact. 



i 
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4. The positive half line case 



In this section, we prove some useful properties of T^ v , and give a description of the 
density of v% = v IE1 at ■ 

We use polar coordinates and the parametrization C + = {re 10 : < r < +oo, < 9 < ir}. 
For z = re 10 G C + , we calculate 



ft f +oc 
|2M*)l=r«P(^ J Q i 



^2 _ 1 



and 



(4.1) 



fag(H tiV (z)) = 9-t 



+oo 



+ r 2 i 2 - 2r£ cos 9 
r£ sin 9 



MO 



1 + r 2 £ 2 — 2r£ cos 



MO 



= 9 



1 - 



i(sin0) 



For < r < +oo and < 9 < n, we set 



1 + r 2 £ 2 — 2r£ cos 

re 



>(6 



1 + r 2 £ 2 — 2r£ cos i 



Lemma 4.1. For fixed < r < +oo, i/te function f t (r, 9) is an increasing function of 9 on 

(0.7T). 



Proof. We calculate 



sm( 



cos 



and 



d0 



MO 



(0-tan0) < 0, 

-2r 2 £ 2 sin 6> 



+oo 



1 + r 2 £ 2 - 2r£ cos vs 7 7 (1 + r 2 £ 2 - 2r£cos0) 2 
for all 6 1 G (0, 7r) and < r < oo. The assertion follows from these calculations. 

We set f t (r) = lim ^ o + f t (r, 9), then we have that 



dv{£) < 



□ 



Mr) 



Jo (1- 



r0 



Let 



Vt,„ = {0 < r < +to : / t (r) < 0} 

f / ,+oc r£ 1 

= { 0<r<+oo; X (T^"® > I 

We also define a function : (0, +oo) — > [0, 7r) as 
u t (r) = inf{0 < 9 < vr : / t (r, 9) > 0} 

sin0 /* +0 ° r£ 

7o 



inf <^ < 9 < vr : 



l + r 2 e -2ricos9 dU ^ ~ t 
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Remark 4. If r G Vt tV , then Ut(r) > and we then have 

sinMr)) f +QO r£ 1 



^t(f) 7o 1 + r2 £ 2 ~~ 2r£ cos(ut(r)) t 
The function ut depends on u, and we always fix an arbitrary v G -^Jr+ i R this article when 
we discuss ut- Only in Proposition 14. 131 and Lemma 14.141 we choose v as v = 8%. 

Theorem 4.2. TTie sets r ti „, Sr^j, can be characterized by the functions ft(r,9) and u t {6) 
as follows. 

(1) If z = roe 1 ® G i/ten we Ziaue £/ia£ 

{ 2 =re i9 : r = r 0l fl <kf}cr i ,. 

(2) r t)i , = {re ie : < r < +oo,u 4 (r) < 9 < vr}. 

(3) dr t>1/ n C+ = {re w : r G V t , v , andf t (r,9) = 0}. 

(4) We have that 

dT t;V n (0, +oo) = {r : < r < +oo, u t (r) = 0} = (0, +oo)\V t , v 

r+oo r t 1 } 

0<r<+oo: X w^tf sd ~t>' 

Proof. Since avg(H ttU ) = 9 ■ ft(r,9), and the function ft,r{@) '■= ft(f,9) is an increasing 
function of 9 on (0, 7r), notice that lim^^ ft,r{@) = 1 > 0, then from ()4. 1 1) . we deduce that 

T t ,v = {z = re ie : < r < +oo, / t (r, 0) > 0}, 
which yields (1), (2) and (3). Part (4) follows from the definition of ut and (3). □ 

Lemma 4.3. The support of v is contained in the closure of the set V^" 1 , which is defined 
by 

*tf-{;=« 6 *-}- 

Proof. Let x$ G (0, +oo)\Vt jU , and choose e > sufficiently small such that [xo — e, xq + e] C 
(0, +oo)\T4,i/, it is enough to show that v has no charge on the interval [l/(xo+e), l/(xQ — e)]. 
For any integer n > 1, we define = rro — e + 2ke/n for all < /c < n. Then since 
[/3fc,/5fc+i] C (0, +oo)\V r 4jI ,, then for any r G [/3 fc , we have that 

* A//3 fc+1 (i - 



> 1 KtVfo+i.VfoD. 

where = max{|l — fik/ (3k+i\ 2 , |1 — /?fc+i//3fc| 2 }- This yields that 

i/([l/fo+i,l/fo])< {X ° + t e)2 m k . 
Notice that X]fc=o m & = °(V n ) f° r large n, thus we have v([1/(xq + e), l/(x — e)]) = 0. □ 

Proposition 4.4. For any interval (a, 6) C (0, +oo)\Vt !V , the function g{r) = Jq + °° nr^p du(^) 
is strictly convex on (a, 6). 
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Proof. We first note that v has no charge on the interval (1/b, 1/a) by Lemma 14.31 thus g 
is analytic on the interval (a,b). The second derivative of g is 

which yields the desired conclusion. □ 

Proposition 14.41 yields that / + °° nZ^p dv(£) < 1/t for r in the interior of (0, +oo)\Vt ;1/ . 
We now define a map A 4ji , : (0, +oo) — > (0, +oo) by 

AtAr) = H t Are iut{r) ). 
Note that axg(H tyV (re tUt ^)) = 0, we then have 

Proposition 4.5. The map r — > re lUt ^ is a homeomorphism from (0, +oo) onto dTt, u \(~°°i 0]/ 
and i/ie map At, v is a homeomorphism from (0, +oo) onto itself. 

Define the Cauchy transform of the probability measure v by 

«+oo 



/+oo 1 
du(t), z e C\M, 
-oo z ^ 



we then have 



(4.2) G u ( - 



z) l-n u (z)' 

thus the density of the measures can be recovered by (|4.2p from the Stieltjes inverse formula. 
We notice that 1/(1 — n u (z)) = 1 + tpi>{z), which implies that 

1 \ _ / f + °° 1 



dm 



30 r£ sin 8 



1 + r 2 £ 2 — 2r£ cos 
where z = re %e . From Remark 01 for z = re iut ( r \ we have that 

1 \ u t (r) 



di/(e), 



(4.3) 



1 - 7^ (re iu '( r )) y ~ t 



Equations f|4.2j) and (|4.3p . together with the Stieltjes inverse formula yield the following 
theorem. 

Theorem 4.6. The measure vt has a density given by 



i 1 \ . , , 1 Kt(r) 
It 1— =VW- 



/or r 6 (0, +oo). 
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Proof. It is a direct calculation. 



1 \ f 1 



It 1 TT = It 



AtA r )J \H t ^re iu ^)) 

1 




1 



1 \ 



A*,„(r) 



7T 

□ 

Corollary 4.7. Lei 5j 6e i/ie support of the measure vt, and let B^ 1 = {1/x : x € -Bt}, 
i/ien B t _1 equals to the image of the closure ofVt tV by the homeomorphism At„. The number 
of connected components of the interior of the support of ut is a non-increasing function of 
t. 

Proof. Theorem 14.61 and the fact that 

u t (r) ^0&r€V t , v 

yield the first assertion. To prove the second assertion, it is enough to show that the 
number of connected components of Vt )U is a non-increasing function of t, which follows 
from Proposition I4.4L □ 

The following lemma was pointed out in [2]. 

Lemma 4.8 Q2J). Given a probability measure /i on [0,+oo) ; the point x = is an atom 
if and only i/lim^-oo r/^(x) is finite and the value of the limit is 

^{ X ) = l--^- V) . 

Proposition 4.9. The measure ut is absolutely continuous with respect to Lebesgue measure 
and its density qt is analytic on the set {x £ (0, +oo) : qt{x) > 0}. 

Proof. Since n at (C + ) does not contain 1 (see Example 14. lip , and rj Ut is subordinated with 
respect to 77^, then n Ut (C + \{0}) does contain 1 as well. From (|4.2p . we then see that the 
nontangential limit of G Ut is bounded at any x € (0, +00), which implies that vt has no 
singular part in (0, +00). 

If the density of v t is positive at 1/x, then from (|4.2h . we deduce that n Ut (x) G C + . Thus 
the identity 

(4.4) -L_=e w ( t -^ {Z) + 1 



u} t (z) \2n Ut (z)-l / 

implies that u>t(x) G C + , and then the analyticity of the density function follows from the 
fact that ujf can be extended analytically to a neighborhood of x. 
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It remains to show that ft({0}) = 0. Notice that H tjV {uj t (x)) = x for x € (— oo,0) and 
linx^-oo Ht, v {x) = -co, we then have that lim^.oo cot(x) = — oo. Thus we have that 

x ( t 

lim — — = lim T, Tt (u t (x)) = exp - 

which also implies that lim^-oo r\ Vt (x) = — oo by (I4.4p . Prom Lemma l4~8| we deduce that 
z, t ({0}) = 0. ' □ 

Corollary 4.10. If v is compactly supported on (0,+oo), then the interior of the support 
of ut has only one connected component for large t. 

Proof. We show that Vt )V has only one connected component when t is large enough. By 
Proposition 14.41 the function g is continuous on (0, +oo)\Vt tU , then the assertion follows 
from the fact that g has a positive minimum on any compact subset of (0, +cc)\Vt tU and 
the definition of Vt }U - D 

Finally, we apply results in this section to give a description of the density of at, which 
was first obtained in [8j. See also I15j for different approaches. We provide a picture of 
the density function of o~t i n the end of this paper. 

Example 4.11. Let v = Si, we denote 1^ = Ttsn^-t = A-tSi an< ^ Vt = Vt,5\i we a l so se t 
H t (z) = H t ^i{z) = zexp f|frij- Then we have that v t = at and 



(4.5) V t = jO < r < +oo : _ > - j = (xi(t), x 2 {t)), 

where xi(t) = (2 + t- i/t(t + 4))/2 and x 2 (t) = (2 + t +y/t(t + 4))/2. If r € T4, then u t (r) 
satisfies the equation 

sin(ut(r)) r 1 



(4.6) 
and we have 
(4.7) 

We also have 



Ut(r) 1 + r 2 — 2r cos (ut(r)) t 
rsm(u t (r)) f 1 



1 + r 2 - 2rcos(u t (r)) \l - re iin{r) 
At(r) = r exp 



t r 2 - 1 



2 |1 — re iM *( r )| 2 

and in particular, when ut(r) = 0, we have A t (r) = r exp ( ) . We calculate 



XsW - A t (xa(t)) " 2 6XP 1 2 



and 



xJt) - 1 2 + t + 7t(tT4) / yWT^\ 

where we used the fact that ut(xi(t)) = ut(x 2 (t)) = 0. We remark that xi(t)x 2 (t) 

X 3 (t)Xi(t) = 1. 
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Note that the formulas we use are different from the formulas used in |8] by Biane, we 
then record our description of the density of at as follows. 

Proposition 4.12. The support of the measure at is equal to the interval Ct = [xz{t),x±(t)\. 
The density is positive on the interior of the interval Ct, and is equal to, at the point x G Ct, 
to (l/(7ra))3?(Z(i, a;)), where l(t,x) is the unique solution of the equation 

— T ex P (r 

on Tt. 



r = A t 1 (l/x), then by Theorem 14.61 the density at the point x is equal to (l/(irx))u t (r)/t. 



Proof. By the definition of xs(t), XA{t) and Theorem 14.6} we see that Ct = \x^{t), Xi(t)\. Let 
r = A^il/x), ther 
By (HI]) and (HTTP . 

(4.8) '"<'■>_,/' 1 



I _ re iu t {r) 

we then set l(t, x) = 1/(1— re lUt<yr ^). Since At(r) = 1/x, we then have that Ht(re %Ut ^) = 1/x. 
The description of l(t,x) follows from this identity and the definition of Ht- □ 

We now turn to discuss symmetry of the measure at- 

Proposition 4.13. For u = 5\, Ut is a strictly increasing function of r on the interval 
{x\{t),\\, Ut is a strictly decreasing function of r on the interval [l,X2(t)), and ut(r) = 
for all r G (0, +oo)\(xi(t),X2(t)). In particular, u t attains its global maximum at 1. 

Proof. Let g be the function defined by 

sin^ r 

g{r,0) = - 



6 1 + r 2 - 2r cos 9 

on the set (0, +oo) x [0, ir). The first part of the assertion follows from (|4.6p and the following 
fact: 

(i) ^<0,for (r,0)€[l,+oo)x[O,7r). 

(ii) > ,for (r,0)G (0,1] x[0,tt). 

(iii) 2^1 < 0, for (r,8) G (0, +oo) x (0,tt). 

The rest part follows from ()4.5p . □ 
Lemma 4.14. For v = 8\, we have 

u t {r) = u t (^\ , andA t (r) ■ A t H^J = 1, 

holds for all r > 0. 

Proof. We first note that r G Vt = (x\(t), X2(t)) if and only if 1/r G Vt- If r ^ Vt, then 
ut(f) = 0] an d we have 

a , \ f tr + l\ , K fl\ 1 ftr + 1 
At{r) = r exp andA 4 I — J = - exp 



2r-l) \r J r \ 2 1 

which prove the case when r ^ V*. 
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If r S Vt, we first prove that Ut{r) = Ut(l/r). Recall from (|4.6[) that the pair (r,ut(r)) 
satisfies the equation 

sin 9 r 1 

i + r 2 _ 2r cos 9 ~ 1 

which is equivalent to 

(4.9) r 2 - (2cos9 + t^]r + l = 0. 



For any 9, (I4.9P is a quadratic equation of r and the product of its solutions is 1. This 
observation and Proposition 14.131 implies that Ut(r) = ut(l/r). For any 9 € (0,wt(l)], 
let ri,r 2 be the solutions of (|4.9j) . then ri,r 2 & (0, +oo) and r% ■ r 2 = 1. We claim that 
A t (n) • A t (r 2 ) = 1. If fact, 6> = n t (ri) = M t (r 2 ), and 

(4.10) ln[A t (r<)] = Inr, + \ — ^ ~ 1 -, forr = 1,2. 

2 1 + 7j — 2rj cos 9 

By replacing 

1 , 2 o /j ^sin6» 

1 + r i — iTi cos 9 = 

9 

into (|4.10p . to prove our claim, it is enough to prove that 

(4.11) r 2 r 2 — r 2 + T\r\ — t\ = 0. 

Since rir 2 = 1, (|4.1ip is true and this finishes the proof. □ 

Proposition 4.15. For t > 0, let st(x) be the density of the measure at at x G (0, +oo). 
(1) The support of the function st is the interval [xs(t), Xi(t)]. For any x G (0, +oo), we 
have that 

s t (x)x = s t I - I -. 



k x J X 

Moreover, the function x — > St(x)x is strictly increasing on the interval (x^(t), 1]. 

(2) For any interval [a,f3] C (0,1], we have that 

"1 1" 

(3 ' a 

(3) The function st is a strictly decreasing function of x on the interval [l,X4(t)). 
Proof. From Theorem 14.61 and Lemma I4.14^ we have that 



Mr) J t 



and that 

s t (A t (r)) = s t 



Mi)) 

(4.i3) = l At (i) MR 

7T \ r / r 
_ 1 1 u t {r) 
~ TrA t (r) t 
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Note that : (0, +00) — » (0, +00) is a homeomorphism and At is increasing. We also have 
that A t (V t ) = A t ((x 1 (t),x 2 (t))) = (x 3 (t),x 4 (t)), then (1) follows from Proposition 14.131 
Lemma 14.141 and (|4.13p . Part (2) is a consequence of (1). Since Uf is an increasing function 
of r on the interval (xi(t),l] by Proposition 14.131 then AtiH is also an increasing function 
of r on (x\(t), 1] and Part (3) follows from this fact and (|4.12p . □ 



Remark 5. Part (2) of Proposition 14.151 is not unexpected. In fact, for any integer n, let 
a n = 1 + y/2t/n, b n = l/a n and \x n = (5 an + Sj, n )/2, then from [H Lemma 7.1], we see that 



at weakly as n — > +00. 



Remark 6. By a similar calculation in Remark [3l we can see that there exist c(t) > 
0, d(t) > such that 



(4.14) 



8t(x) = c(t)\x- X 3 (t)\* (1 + 0(1)) 



in a small interval [xs(i), x 3 (t) + 5) for some 5 > 0, and that 



(4.15) 



S t (x) = d(t)\x - X4(t)\* (1 + 0(1)) 



in a small interval {x^t) — S',X4,(t)] for some 5' > 0. The orders in (|4.14p and (|4.15j) are 
essentially due to the fact that H t has zeros of order one at x±(t) and x-i (t). 



the density of A, 



qT 0.2 




-arg(* t (e 10 )) 
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